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Abstract: The power-split architecture is the most promising hybrid electric powertrain. However, a
real advantage in energy saving while maintaining high performance can be achieved only by the
implementation of a proper energy management strategy. This requires an optimized functional
design before and a comprehensive analysis of the powertrain losses after, which could be rather
challenging owing to the constructive complexity of the power-split transmission, especially for multi-
mode architecture with multiple planetary gearing. This difficulty was overcome by a dimensionless
model, already available in the literature, that enables the analysis of any power-split transmission,
even in full electric operation. This paper relies on this approach to find the operating points of the
internal combustion engine and both electric machines which minimize the total power losses. This
optimization is carried out for given vehicle speed and demanded torque, by supposing different
scenarios in respect of the battery capability of providing or gathering power. The efficiency of the
thermal engine and the electric machines is considered, as well as the transmission mechanical power
losses. The aim is to provide a global efficiency map that can be exploited to extract data for the
implementation of the most suitable real-time control strategy. As a case study, the procedure is
applied to the multi-mode power-split system of the Chevrolet Volt.
Keywords: hybrid electric vehicles; power-split powertrain; global efficiency; multi-mode transmis-
sion; Voltec analysis
1. Introduction
In the last decades, stricter environmental policies undertaken against increasing
global warming have encouraged the spreading uptake of hybrid electric vehicles. Besides
the earliest and most popular series and parallel hybrid architectures, more and more
automotive companies—first and foremost Toyota and General Motors—are developing
the power-split hybrid electric powertrain [1–5].
The power-split layout combines the benefits of both series and parallel hybrid, result-
ing in a highly flexible system where the internal combustion engine (ICE) is kinematically
decoupled by the wheels due to the operation of the electric unit. Two electric machines
act as an active continuously variable unit (CVU), which can provide additional power for
vehicle propulsion or gather the ICE power in surplus for battery recharging. In addition,
regenerative braking and full electric vehicle (FEV) operation are achievable. The power
flows within the powertrain are handled by a power-split unit (PSU) made up of planetary
gear sets (PGs) and ordinary gear sets (OGs). Multi-PG PSU enables the minimization of
the electric machines’ power size by deploying a multi-mode power-split continuously
variable transmission (PS-CVT), where some clutches operations lead to several construc-
tive arrangements to select under the desired driving conditions [6–10]. Nevertheless, the
more complex the transmission constructive layout is, the trickiest the identification of the
occurring power flows is [11–13], as well as their management [14–17].
When implementing energy management strategies aimed at minimizing the power-
train power losses, the friction losses occurring in the transmission should be also consid-
ered. Nonetheless, because of the above-mentioned difficulties in multi-mode PS-CVTs
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analysis, their calculation is far from trivial [18–21]. Thus, mechanical power losses are
considered in very simple one-PG transmission [22,23] or evaluated by using simplified
approaches that avoid the analysis of the transmission power flows [24,25] or even more
often neglected [26–32].
The focus of this paper is to provide the global efficiency map of the multi-mode
Chevrolet Volt hybrid electric powertrain by assessing all powertrain losses, not only those
occurring in the propulsors but also the transmission mechanical power losses. This can
be achieved by applying a unified parametric model [33–36] without convoluted or case-
specific formulations. All the relationships of the model are ruled by few basic functional
parameters which can be swiftly derived from any PS-CVT constructive arrangement,
even multi-PG or multi-mode [34,36]. These enable the calculation of speed, torque, and
power ratios in real conditions, by using a fast black-box method [35,36] to assess the PSU
mechanical losses and then the actual power that the electric machines should provide to
the PSU for given ICE power and required output. The whole procedure applies also to the
FEV operation [36].
This unified parametric model was first applied to the transmission of the Chevrolet
Volt in [34], where an alternative design was proposed but any power losses were neglected.
Then, the mechanical losses occurring in the PSU were considered in the Chevrolet Volt
dimensionless analysis carried out in [35]. This article aims to consider also the power
losses occurring in the propulsors, by moving from the dimensionless variables to those
expressed in physical units of measurement. In addition, the analysis of the Chevrolet Volt
in FEV operation is presented for the first time.
The utilization of dimensionless independent and dependent variables expressed as
speeds, torques, or powers ratios results in utmost generality, which makes the model
suitable for analyzing any PS-CVT. Nonetheless, the loss factors of the propulsors are
strictly related to their operating point, therefore the brake specific fuel consumption
(BSFC) map of the engine and the efficiency maps of the electric machines have to be
introduced. By considering different combinations of input and output speeds and torques,
it is possible to investigate the powertrain response in terms of the actual functioning
point of the propulsors and related power losses, net power flow provided or gathered by
the battery, and powertrain global efficiency. This approach outputs the results in some
optimal operating maps collecting all data of interest, which allows the determination of the
powertrain optimal functioning points based on the desired goal of the energy management
strategy to implement. By way of example, this contribution proposes a simplified control
strategy in steady-state driving by taking into consideration four possible state of charges
(SOCs) of the battery. However, this approach is the ideal basis for the development
of new control and energy management strategies, as it applies to any hybrid electric
powertrain without requiring an in-deep knowledge of the behavior of each component
of the powertrain, thanks to its generality. Therefore, it offers a neutral environment for
engineers with different expertise.
The paper is organized as follows. Section 2 includes the dimensionless PSU mechani-
cal power losses and the dimensionless speeds and real powers of the electric machines in
the Chevrolet Volt powertrain in power-split operation, which were previously calculated
in [35]. Then, the same variables are evaluated in FEV operation by using the procedure
presented in [36]. In Section 3, the propulsors efficiency maps are introduced and the
method for calculating and selecting the optimal operating points is described. Section 4
provides and discusses the results of the application, while Section 5 concludes the article
by framing the new contribution in a broader context.
2. Dimensionless Parametric Approach for Voltec Analysis
The transmission system of the Chevrolet Volt, the so-called Voltec, is a PS-CVT with
two PGs and three clutches which enable the multi-mode functioning. A third PG combined
with a chain drive acts as a fixed-ratio OG in the final drive. Figure 1 shows the Voltec
functional layout derived from [37] and previously described in [34,35]. The PGs and the
Appl. Sci. 2021, 11, 7779 3 of 18
final drive make up the PSU, which can be considered as a four-port device linked with the
ICE (by the shaft in), the wheels (by the shaft out), and the electric motor-generator (MG) I
(by the shaft i) and MG O (by the shaft o). The positive sign of the power flows is indicated
by the arrows. The clutches C0, C1, and C2 are exploited to shift between different modes,
as reported in Table 1. By engaging the only C2 clutch, the PG2 ring gear is braked to the
frame, thus only PG1 acts as an epicyclic gear unit with non-proportional speeds of its
branches. This realizes an input-split mode, mainly exploited for lower vehicle speeds.
At higher speeds, a compound-split mode is achieved, by engaging only the clutch C1
which connects the PG2 ring gear to the MG I and the PG1 sun gear. It should be noted that
engaging C1 and C2 simultaneously realizes a fixed-ratio parallel mode, where only MG O
can be active and the ICE speed is univocally coupled to the vehicle speed. Moreover, by
additionally engaging the one-way clutch C0, which locks to the frame the ICE and the
PG1 ring gear, two FEV modes can be performed. However, as shown in Table 1, General
Motors considers only the FEV operation derived from the input-split arrangement.
Figure 1. Functional layout of Voltec. The PGs ring gear, sun gear, and carrier are indicated by R, S,
and C, respectively. Red arrows indicate the positive direction of power flows. Clutches are indicated
by blue labels.
Table 1. Clutches operations for Voltec operating modes provided by General Motors.




The schematization of any PSU as a four-port device is always valid, regardless of the
actual PSU constructive layout. This enables the exploitation of some general relationships
between speeds, torques, and powers of the main PSU external ports which can be applied
to any PS-CVT [33,35,36]. On the other hand, the PGs and OGs constructive parameters and
their arrangement within the PSU lead to the definition of the basic functional parameters
which rule the equations of the unified parametric model considered in this article. The
constructive parameter here used for the definition of the planetary gear sets is the Willis’
ratio Ψ, defined as the ratio between the rotational speed of the ring gear and the one of
the sun gear while the carrier is still. The Willis’ ratios of the two PGs are Ψ1 = −0.535 and
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Ψ2 = −0.481, the fixed-ratio of the final drive is k f d = 0.379. The functional parameters
of the Voltec input-split and compound-split modes were identified in [34]. These are the
mechanical points τ#i and τ#o and the corresponding speed ratios τo#i and τi#o, listed in
Table 2. The former are defined as the overall speed ratio τ = ωout/ωin achieved when the
i or o shaft is motionless, respectively. In general terms, the corresponding speed ratio τj#k
is the j-th speed ratio τj = ωj/ωin achieved when the shaft k is motionless. The mechanical
points often coincide with the overall speed ratio at which a mode shift occurs, since one
of the two electric machines can be turned off. Therefore, a parallel hybrid functioning is
achieved at the mechanical points.
Table 2. Basic functional parameters of Voltec derived in [34].
Mode τ#i τ#o τo#i τi#o
Input-Split 0.247 0 2.00 −1.87
Compound-Split 0.247 0.510 2.00 2.00
Once known the parameters of Table 2, the dimensionless approach addressed in [35,36]
can be applied to the Voltec to analyze both the power-split and FEV operation in terms
of speed, torque, and power ratios, by including the evaluation of the PSU mechanical
power losses.
2.1. Dimensionless Speeds, Powers and Mechanical Losses in Voltec Power-Split Operation
The Voltec PS-CVT in power-split operation was previously analyzed in [34,35]. To
avoid repetition, this section includes only the outcomes of these previous applications,
not the procedure implemented to obtain them. The results are shown in Figure 2. Starting
from the functional parameters of Table 2, the speed ratio τi = ωi/ωin between MG I and
the ICE was computed as a function of the overall speed ratio τ, as well as the speed ratio
τo = ωo/ωin between MG O and the ICE. These are shown in Figure 2a for both input- and
compound-split mode. The shift between one mode to the other occurs at the mechanical
point τ = τ#i = 0.247. For τ = τ∗ = 0.379 both electric machines rotate at the same speed,
therefore both PGs work at their synchronous condition. At the PGs synchronism, the PSU
mechanical power losses (Figure 2b) show a minimum, because the absence of relative
motion between PGs branches eliminates the PGs friction losses. The mechanical power
losses of Figure 2b were calculated as a fraction of the input power as a function of the
overall speed ratio τ and the opposite of the overall power ratio η = −Pout/Pin. Note
that η is not a global efficiency, but a variable exploited to model the possibility of the
battery to provide or absorb power. Therefore, it can also be far higher than one, if the
demanded output power is mainly provided by the battery rather than the ICE. The PSU
losses enabled the calculation of the real power that the electric machines should provide
to or collect from the PSU as a fraction of the input power (Figure 2c,d).
2.2. Dimensionless Speeds, Powers and Mechanical Losses in Voltec Full-Electric Operation
The relationships exploited in [34,35] to analyze the power-split operation were rear-
ranged in [36] to model also the FEV functioning mode. These are exploited in this section
to apply the unified parametric model to the Voltec in FEV operation for the first time.
Nonetheless, to find the best balance between brevity and self-consistency of the paper, this
section presents the only implementation of formulas that were introduced and explained
in the previous works [33–36], to which we refer the reader for more information. However,
Appendix A outlines the major features of the model to facilitate the understanding of the
content of this section.
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As the engine is inactive in FEV driving (clutch C0 is engaged), speeds and power can
be more conveniently normalized to the output ones. Since the shaft in is motionless, the
















The functional parameters used in Equation (1) are those related to the input-split
mode, since it is the only mode exploited by General Motors to perform the FEV operation.
Figure 2. Results of Voltec analysis in power-split operation carried out in [34,35]. (a) CVU speed ratios; (b) mechanical
power losses in the PSU as a fraction of the input power; (c) MG I real power as a fraction of the input power; (d) MG O real
power as a fraction of the input power.
The dimensionless PSU power losses can be computed by the fast black-box method
proposed in [35] adapted to the FEV analysis, as described in [36] and summarized in
Appendix A. The considered efficiencies of the final drive (η f d = 0.953) and of the PGs
in fixed-carrier functioning (η0 = 0.96) are the same as those assumed in [35]. The total
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The parameters used in Equations (3) and (4) are indicated in Table 3, while in
Equation (3) p′out,1 is the portion of p
′
out flowing in PG1, which can be computed as the
difference between the power flowing into the final drive (p′out/η f d) and its portion flowing










Table 3. PGs reference notation, fixed-Z speed ratios, and fixed-Z efficiency [35,36].
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Note that p′out = p
′
out = −Pout/Pout = −1 by definition. By considering p′o = p′o =
−Po/Pout as the independent variable, the total power losses p′L can be swiftly computed
by summing Equations (2)–(4). The dimensionless power flowing in the other electric





L = 1 (6)
The results of the dimensionless analysis to FEV operation are shown in Figure 3.
Figure 3. Results of Voltec analysis in FEV operation. (a) Mechanical power losses in the PSU as a fraction of −Pout; (b) MG
I real power as a fraction of −Pout.
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3. Identification of the Optimal Operating Maps
To carry out the analysis addressed in Section 2, it is sufficient to know only the
constructive and functional layout of the PS-CVT. This allows the calculation of the PSU
speed ratios as well as the dimensionless mechanical power that electric machines should
provide or absorb, by considering the PSU friction losses. More specifically, in power-split
operation, the dependent variables, which are normalized to ICE speed or power, can
be assessed by freely assigning the speed ratio and the power ratio between the output
and the input port (Figure 2). On the other hand, in FEV operation, the speed ratios are
univocally defined, thus the dependent variables, which are normalized to the output
power, can be determined by freely supposing the power ratio between one PSU port
connected to an electric machine and the output port (Figure 3). In other words, for a given
vehicle speed (directly related to ωout) and for a given demanded torque, it is necessary to
assume a specific functioning point of the ICE (in PS operation) or of one electric machine
(in FEV operation) to univocally determine speeds and powers (and thus torques) on each
PSU port.
Obviously, the output torque and the wheels’ speed can be considered independently
one from the other, but if the output torque is higher or lower than the driving resistance, the
powertrain work in dynamic operations, and the inertia of the vehicle and the propulsors
should be considered in the analysis. In this article, for computational simplicity, the
steady-state operation is analyzed, whereby the output torque is a function of the vehicle
speed (Vveh), thus the power delivered by the powertrain is:
Pout = −
(
mg sin α + frmg cos α + 0.5·Cd A f ρaV2veh
)
Vveh (7)
where m, fr, Cd, A f are the Chevrolet Volt parameters reported in Table 4, α is the road
slope in radians, g = 9.81 m/s2 is the gravitational acceleration, and ρa = 1.225 kg/m3 is
the air density. It is worth noting that m is the sum of the unladen vehicle mass m0 and
the mass of passengers, fuel, or any other additional load. Therefore, m and α depend on
the driving conditions. Nonetheless, it is sufficient to modify these values upstream of
the procedure described in this section so as to obtain data referred to any steady-state
driving condition.











1603 0.0113 0.28 2.20 0.323
Once fixed a vehicle speed, the functioning point of the ICE in power-split opera-
tion or of one electric machine in FEV operation has to be selected so as to determine
τ = Vveh/(Rw·ωin) and η = −Pout/Pin, or p′o = −Po/Pout, respectively. To investigate
all the viable powertrain functioning points for given vehicle speed, the whole range
of operation of the ICE or MG O has to be explored. Therefore, the efficiency maps of
the propulsors are needed (Figures 4 and 5). These are necessary also for evaluating the
propulsors efficiency in each achievable working point.
3.1. Calculation of Optimal Operating Maps in Power-Split Operations
For a given vehicle speed Vveh and subsequent output power Pout, the powertrain
operation can be analyzed by considering each couple of ICE speed and torque (ωin, Tin)
ranging from their minimum and maximum values within the ICE operation range of
Figure 4. This leads to the calculation of an overall speed ratio matrix, having the same
dimension of the ICE efficiency map, where each element is τ = Vveh/(Rw·ωin). A corre-
sponding overall power ratio matrix containing η = −Pout/(ωin·Tin) can be obtained, too.
Hence, these matrices can be used to interpolate the dimensionless results of Figure 2, in
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order to identify the speed and power ratios of the electric machines for each combination
of τ and η. Then, these ratios can be multiplied by the corresponding ωin and Pin to assess
the dimensional rotational speed of the electric machines (ωi, ωo) and their mechanical
power (Pi, Po). In this way, the operating point of both electric machines is univocally
determined, as is their efficiency which enables the calculation of the net electric power
flowing to or from the battery as follows:





The positive sign of the power flows is shown in Figure 1.
Figure 4. Efficiency map of the Chevrolet Volt ICE derived from [37].
Figure 5. Efficiency maps of Chevrolet Volt electric machines derived from [38]; (a) Motor Generator I; (b) Motor Generator
O. Exploited for both motoring and generating operation.
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Hence, by the simple procedure herein addressed, it is possible to obtain a set of
matrices containing all data describing the powertrain steady-state operation, which can
be exploited as a basis of the desired energy management strategy. As an example, in this
paper, a procedure for pursuing maximum global efficiency is proposed. According to the
direction of the battery power, Pbatt can be an output or input power in the powertrain.
Therefore, if Pbatt > 0 the battery supports the ICE in the vehicle propulsion, and the global
efficiency is:
ηgl(Vveh, ωin, Tin) = −
Pout
Pf uel + Pbatt
(9)
where Pf uel = Pin/ηICE is the power provided by fuel combustion. ηICE can be derived
for each combination of ωin and Tin from Figure 4. If Pbatt < 0 the ICE delivers power in
surplus which can be used to recharge the battery, and the global efficiency is:




Eventually, it is possible to extract the maximum value from the matrix ηgl for a given
vehicle speed and find the related ICE and electric machines operation resulting in the
most efficient driving.
Nevertheless, the working points which violate a constructive constraint of propulsors,
power converters, or batteries should not be included among the potential optimal ones.
Therefore, the final operating maps do not include the functioning points whereby the ICE
or electric machines operation is not included within the maps of Figures 4 and 5, or the
electric powers overcome their respective maximum limits of power converters or batteries
(Table 5).








In fact, the real constraint on Pbatt depends on the battery state of charge (SOC):
Pmax_charge(SOC) ≤ Pbatt ≤ Pmax_discharge(SOC) (11)
Pmax_charge and Pmax_discharge should be evaluated instantaneously by a deeper dynamic
analysis. However, a simplified approach is exploited in the following to swiftly analyze
four different scenarios, summarized in Table 6:
• SOC comprised between its lower and higher thresholds (SOC = FREE);
• Battery completely discharged (SOC = 0);
• Battery completely charged (SOC = 1);
• Maintaining-charge driving (SOC = CONSTANT).
Table 6. Adjusted constraints on battery power according to the SOC.





3.2. Calculation of Optimal Operating Maps in FEV Operations
For given vehicle speed, in FEV driving the rotational speeds of the electric machines
are univocally determined by Equation (1), therefore the only degree of freedom is the
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torque of one electric machine. As stated in Section 2, by choosing as the independent
variable the torque of MG O, which can range from its minimum to maximum value
corresponding to each rotational speed (Figure 5), it is possible to consider an array with
different values of p′o = −(ωo·To)/Pout. This can be used to interpolate the dimensionless
results of Figure 3b and find the potential operating points of MG I for given Po and
Pout. Then, similarly to Section 3.1, Pbatt can be calculated by Equation (8) and the global
efficiency in FEV operation is simply:




In FEV operation, the battery SOC is supposed to be always sufficient to provide the
demanded power.
4. Results and Discussion
The procedure described in Section 3 for calculating the optimal operating maps was
implemented in MATLAB, after having carried out the dimensionless approach reported
in Section 2. The following results were computed by considering a total vehicle mass
equal to m = 1750 kg in plain (α = 0 rad). The analyzed vehicle speed ranges from 5 to
200 km/h.
4.1. Results in Power-Split Operations
The mesh grid used in input to the script was obtained by the arrays ωin = 1000 : 10 :
6000 rpm and Tin = 10 : 1 : 140 Nm. The procedure described in Section 3.1 was carried
out for each vehicle speed, whereby the respective optimal operating point was selected
after excluding those outside the boundaries of Figures 4 and 5, Table 5, Equation (11), and
Table 6. The results of Figures 6–11 show the optimal operating points resulting from the
optimization procedure aimed at minimizing the powertrain power losses.
Figure 6. (a) Best global efficiency in power-split operation; (b) battery power in the optimal power-split operating points.
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Figure 7. ICE optimal power-split operation: (a) ICE functioning points; (b) ICE power.
Figure 8. MG I optimal functioning points in power-split operation.
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Figure 9. MG O optimal functioning points in power-split operation.
Figure 10. Electric machines optimal power in power-split operation: (a) MG I power; (b) MG O power.
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Figure 11. Optimal overall transmission ratio and mode selection in power-split operation.
Figure 6a shows that the best results are achieved for SOC = FREE since the availability
of the battery both as a power source and power storage would enable the achievement of
the most efficient power flows (Figure 10). Nevertheless, the maximum global efficiency is
lower than 0.33 up to 50 km/h, therefore it would be more advisable to turn off the engine
and drive in FEV operation (see Section 4.2). The only reason to let the ICE work at lower
speeds is to recharge the battery if possible (SOC = FREE or SOC = 0). In this case, the ICE
should operate in the maximum efficiency region, otherwise, it should be turned off also
for higher speeds if the battery can supply power for propulsion (SOC = FREE or SOC = 1)
(Figure 7). In this way, the global efficiency would be significantly enhanced (Figure 6a),
since the demanded output power would be provided by the electric unit (Figure 6b),
which is more efficient than the ICE.
Nevertheless, a more robust control strategy should regulate the battery power accord-
ing to the instantaneous SOC, so as to ensure sufficient range. Indeed, for speeds higher
than 100 km/h, the optimal powertrain operation would be achieved at the expense of the
driving range. Therefore, over 100 km/h would be even more advisable to limit the power
supplied by the battery and increase that provided by the ICE, even though this would
reduce the global efficiency.
On the other hand, if the battery is completely discharged (SOC = 0) or a maintaining-
charge driving is desired (SOC = CONSTANT), the demanded output power should be
provided mainly by the engine (Figure 7b). In this case, the battery charging would be
recommended between 50 and 145 km/h, while over 145 km/h keeping the SOC constant
would result in greater efficiency. Nonetheless, since the ICE maximum power is 75 kW [37],
the vehicle speed cannot exceed 190 km/h with SOC = 0 or SOC = CONSTANT.
Figures 8–10 show the optimal exploitation of the electric machines in power-split
operation. They suggest using both MG I and MG O as generators for battery recharging
up to 50 km/h. It should be the same from 50 to 130 km/h if SOC = 0, while MG I should
be used as a motor and MG O as a generator if the battery can provide power (SOC = FREE
or SOC = 1). In the latter case, the mechanical energy converted to electric energy by MG
O is reconverted to the mechanical form by MG I. Over 155 km/h, both MG I and MG O
should be used as motors for SOC = FREE or SOC = 1.
To assess the optimal mode selection, it is sufficient to analyze the optimal overall
transmission ratio of Figure 11.
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Figure 11 shows that for lower speeds the input-split mode should be preferred, while
the compound-split mode is advisable at higher speeds. Moreover, it is worth noting
that for SOC = 0 and SOC = CONSTANT (i.e., if the battery cannot provide power for
propulsion) the optimal overall speed ratio at medium-high speed is the one that realizes
the PGs synchronism, where the mechanical power losses are minimized (Figure 2).
4.2. Results in FEV Operations
The array used in input to the script was To = −280 : 1 : 280 Nm. The procedure
described in Section 3.1 was carried out for each vehicle speed, whereby the respective
optimal operating point was selected after excluding those outside the boundaries of
Figure 5 and Table 5. The results of Figures 12 and 13 are related to the best powertrain
operating points resulting in the highest global efficiency for each vehicle speed.
Figure 12. (a) Best global efficiency in FEV operation; (b) battery power in the optimal FEV operating points.
Figure 13. Electric machines optimal FEV operation, indicated by “X”: (a) MG I functioning points; (b) MG O functioning points.
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Figure 12a shows that the global efficiency in FEV operation is averagely higher than
the one achievable in power-split operation, thus the FEV driving is specifically suggested
for low–medium speed. As stated in Section 4.1, exploiting the only battery power for
propelling the vehicle in steady-state driving at higher speeds would imply a reduced range,
thus it should be avoided. Over 145 km/h the FEV driving cannot be realized because the
required rotational speed of MG O would overcome its maximum value. Figure 13 shows
that the optimal FEV operation in steady-state driving involves the exploitation of MG I
except for two limited vehicle ranges from 5 to 15 km/h and from 50 to 60 km/h. From 135
to 145 it is advisable to operate with both electric machines acting as motors.
5. Conclusions
This article is an advancement of the previous contributions [33–36] addressing a
unified parametric model for the analysis of PS-CVT. Herein it was applied to the Chevrolet
Volt by introducing the propulsors efficiency maps to move from a dimensionless approach
to a dimensional one. The final aim was to provide a complete and general tool to compre-
hensively analyze any power-split transmission, even multi-PG and multi-mode as Voltec
is, by assessing also the mechanical power losses which are often neglected owing to the
difficulty of their calculation. The FEV operation can also be swiftly analyzed.
As described in Sections 3 and 4, this method enables the investigation of the pow-
ertrain response for given vehicle speed and demanded torque. All the viable operating
points are available as a set of operating maps containing the propulsors functioning points,
their efficiency, the mechanical power losses in the transmission, the battery power, and
the global efficiency. These data can be exploited for the development of the desired energy
management strategy.
As an example, far from presenting it as an exhaustive control strategy, this paper
proposes a procedure for selecting the optimal operating points which maximize the
powertrain global efficiency in steady-state power-split and FEV driving. The results
showed the importance of properly handling the batteries SOC to ensure the possibility of
exploiting them as an energy exchanger, as well as the benefit of PGs synchronism to reduce
the friction losses. Nonetheless, it seems that the MG O appears to be under-exploited in
steady-state driving (Figure 9). This can be due to the fact that the surplus power of MG O
could be used to provide an acceleration boost, thus it might be exploited more in dynamic
operation, which was not analyzed here.
Therefore, future research could be aimed at extending the model in this very direction.
Indeed, its basic relationships between PSU speed, torque, and power ratios proposed
in [33,35,36] would be still valid in dynamic operation, being based on the principle of
power conservation. However, the correspondence between torques developed at the PSU
main ports and those provided by the propulsors would be missing because of inertial
effects caused by acceleration or deceleration of the vehicle and the propulsors themselves.
The extension of the model to the dynamic condition would enable a more in-depth
simulation of the powertrain operation which could instantaneously consider the actual
battery SOC or the power converters’ efficiency. After collecting the results of this sort of
simulation, they can be used to develop the most robust energy management strategies
available in the literature to optimize the desired objective function, which can be even the
minimization of the mechanical power losses.
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Nomenclature
kx Fixed-gear ratio on the x-th branch
Pj or Pj Ideal or real power in the j-th branch
pj or pj Dimensionless ideal or real power in the j-th branch as a fraction of the input power
p′j or p
′
j Dimensionless ideal or real power in the j-th branch as a fraction of the output power
PLoss Mechanical power losses
pL Dimensionless mechanical power losses as a fraction of the input power
p′L Dimensionless mechanical power losses as a fraction of the output power
Tj Torque applied to the j-th shaft
η Opposite of the overall power ratio (η = −Pout/Pin)
η0 Fixed-carrier efficiency of a PG
ηZ Fixed-Z apparent efficiency of a PG
ηgl Powertrain global efficiency
ηI and ηO Efficiency of the electric machines I and O
ηICE Efficiency of the internal combustion engine
ηX/x Efficiency of the x-th OG
τ Overall speed ratio
τj Speed ratio of the j-th shaft
τ#j Overall speed ratio for which the j-th shaft is motionless
(i.e., mechanical point or nodal ratio)
τj#k Speed ratio of the j-th shaft when the k-th shaft is motionless
(i.e., corresponding speed ratio)
τ∗ Overall speed ratio for which one or more PGs work at synchronism
φzx/y Generalized characteristic function
Ψ Willis’ ratio of a PG
ψZY/X Fixed-Z speed ratio of a PG
ωj Rotational speed of the j-th shaft
Appendix A
The basic theory of the unified parametric model addressed in this paper considers
the PSU made up of one or more three-port mechanisms (TPMs), which consists of one
active PG and up to three OGs (Figure A1). X, Y, Z indicate a general way to refer to the
PG branches (ring gear, sun gear, and carrier); x, y, z indicate a general way to refer to the
PSU main port (in, out, i, o).
Figure A1. Scheme of a three-port mechanism with one PG (illustrated by a rounded-corner square)
and three OGs (rhombi) realizing the kj fixed-ratio. Red arrows indicate the positive direction of
power flows.
The nomenclature adopted in this model distinguishes between torques and powers
assessed by considering the PSU ideal or real. In the latter case, torques and powers
symbols are overlined. Nonetheless, this distinction affects only the dependent variables,
which are supposed to counterbalance the PSU mechanical power losses. Moreover, capital
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letters indicate dimensional power flows, while the dimensionless ones are indicated by
lowercase letters without or with an apex, depending on whether they are normalized to
the input power (Pin) or to the opposite of the output power (−Pout), respectively. The
former normalization is exploited to address power-split operation, while the latter is used
in FEV analysis.
The total mechanical power losses (p′L in FEV operation) are the sum of the losses



























In Equation (A1) ηX/x is the OG efficiency, while in Equations (A1) and (A2)
p′x = −Px/Pout is the normalized power ratio of the x-th shaft. In Equation (A2) ηZ
is the efficiency of the PG evaluated when its branch Z is still, while ψZX/Y is the speed
ratio between branches X and Y when Z is still. Therefore, both ηZ and ψZX/Y are constant
parameters depending on the PG Willis’ ratio Ψ and its basic fixed-carrier efficiency η0 [36].
φzx/y is the characteristic function, crucial tool for both analysis and design purpose [33,36],













It is worth noting that in FEV operation τ → ∞ ; this can be modeled in numeric
software by considering a value of τ high enough (e.g., 105). Moreover, the characteristic
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